We analyze the structure of a periodic arrangement of optically thick metallic gratings that have very narrow slits. This structure permits perfect transmission of light in some frequency range and is analogous to a one-dimensional all-dielectric photonic crystal. Our study shows this structure has many unusual features due to evanescent modes. One of these is that its band diagram has flat bands at long wavelengths. Another feature is that this structure can enhance the fields locally. More significantly, we show that a manipulation of the positions of the slits on adjacent metal films produces lateral displacement along the grating surface for a transmitted beam of finite cross section. This shift is similar to the birefringence in crystal optics. DOI: 10.1103/PhysRevB.70.035101 PACS number(s): 42.70. Qs, 41.20.Jb, 78.70.Gq, 84.40.Ϫx Photonic band gap (PBG) crystals have attracted great attention in recent years, and are still under intense theoretical and experimental investigations. These artificial crystals usually consist of carefully designed periodic modulation of dielectric materials in space, and consequently show band gaps centered on desired frequencies. 1, 2 This feature makes the PBG crystal a potentially new material for photonic devices. However, these photonic devices are rarely made of metal. The obvious reason is that metals are always lossy, for all frequencies of interest.
Photonic band gap (PBG) crystals have attracted great attention in recent years, and are still under intense theoretical and experimental investigations. These artificial crystals usually consist of carefully designed periodic modulation of dielectric materials in space, and consequently show band gaps centered on desired frequencies. 1, 2 This feature makes the PBG crystal a potentially new material for photonic devices. However, these photonic devices are rarely made of metal. The obvious reason is that metals are always lossy, for all frequencies of interest.
There have been many attempts to incorporate metals into all-dielectric photonic crystals, both in theory [3] [4] [5] [6] [7] and in experiments. [8] [9] [10] [11] All of these investigations concentrate on two-dimensional or three-dimensional metallodielectric structures in which the metal components are in the form of either mesh, 10 wire, 6 sphere, 3 or capacitors, 11 and are embedded in a dielectric matrix. These metal components can be interconnected, as in the mesh case; or disconnected, as in the wire, sphere, or capacitors cases. In one dimension, an all-dielectric PBG crystal consists of alternating high and low dielectric slabs with designed widths. 2 A direct analogy is to replace one kind of the dielectric materials with very thin metal films, 12 but the transmission is small. Recently, several experiments have shown that the extraordinary optical transmission of light through 2-D perforated metallic films can be obtained at wavelengths up to 10 times larger than the diameter of the holes. [13] [14] [15] [16] [17] It has also been shown theoretically that similar extraordinary optical transmissions can also be found for metallic gratings with very narrow slits. [18] [19] [20] [21] [22] [23] These discoveries open up a new way for light to be transmitted through metal foils.
In this paper, we give an almost analytic solution for the propagation of light through a periodic structure composed of metallic gratings with very narrow slits. We show the existence of a band structure, as well as many other interesting features of this metallic photonic crystal due to the evanescent modes between metal films.
Consider a stack of multilayer metal films in the vacuum with gratings, composed of slits, on each layer. In Fig. 1 we show a schematic view of the structures under study with the definition: the period of the grating ͑d͒, the width of the slit ͑a͒, the thickness of the metal films ͑h͒, the distance between two metal films ͑s͒ which determines the degree of coupling between evanescent modes, and the relative shift between the slits on adjacent films ͑l͒. Similar periodic multilayer grating systems consisting of all dielectric materials have been investigated using a curvilinear coordinate transformation and truncated transfer matrix. 24 Following Refs. 18 and 25, we assume that the tangential electric field satisfies the surface-impedance boundary conditions. 26 This is true for a realistic metal with a large but negative dielectric constant ⑀. In the slits, we know no matter how small, there are evanescent modes and a TEM mode which propagates. It is the TEM mode which dominates when the film is not too thin. Throughout this paper, we assume the incident electromagnetic wave is in P-polarization (i.e., the H field is parallel to the slits), and retain only TEM mode in the slits. We analyze the structure consisting of perfect metal ͉͑⑀ metal ͉ = ϱ͒ embedded in a medium with refraction index n. Hereafter n is taken to be 1 for simplicity.
The magnetic fields on the 2j-th film and in the region 2j + 1 (between the films) [see Fig. 1(a) ] have a Bloch-wave type expression, respectively. The electric fields in each region are then obtained from Maxwell's equations. By matching the fields at each boundary, we can eliminate all the modes in region 2j + 1 and get an analytic form of the transfer matrix T which connects the fields in the slits on adjacent films 2j and 2j + 2:
where a 2j and b 2j are the amplitudes of the forward and backward running magnetic fields for the TEM modes in the slits,
k is the momentum of incident light in the medium, G p = k x + 2p / d is the parallel momentum along the metal surface of the p-th diffraction order, ␣ p ϵ ͱ k 2 ! G p 2 is the momentum in the z-direction, f ϵ a / d is the area filling factor of the slits, w p ϵ e i␣ p s is the phase accumulation across the distance s between metal films, u ϵ e ikh is the phase accumulation across each slit waveguide, and g p ϵ sinc͑G p a / 2͒. When ␣ p is imaginary, the p-th diffraction mode is evanescent. By examining the eigenvalues of the transfer matrix T, we can determine the relation between and k x for which there is propagation through the slits.
For a finite number of layers, two more equations are needed in order to compute the transmission and reflection amplitudes. These two equations are
The transmission and reflection amplitudes for the p-th diffraction order are then given by
The details of the derivation are presented in the Appendix.
Assume the slits are perfectly aligned (i.e., l = 0). Considering an incoming plane wave with momentum k x along the metal surface, Fig. 2 shows the projected band diagram for a specific set of dimensionless parameters: a = , where d is adopted as a length unit throughout this paper. In the diagram, we see a low frequency propagating band as well as two very flat bands developed at normalized frequency = 0.37 and 0.7. For a given frequency, the flatness of these bands means there is propagation of waves for a wide range of incident angles. It also implies standing waves along the plane of metal films, since ‫ץ‬ / ‫ץ‬k x → 0. These flat bands are reminiscent of the flat bands from the poles of the transmission coefficient for only one grating metal film. 18, 27 Figure 3 shows the dispersion relation between the Bloch wave vector K in the z-direction and the frequency . At low frequency, the dispersion is linear. the lowest propagating bands. The range of these peaks is widened when s decreases, due to a stronger interaction between evanescent modes. Changing the value of s also has a nontrivial effect on higher bands.
It is easy to show that ͉a 2n u ! b 2n ͉ is the electric field strength at the exit of the slits on the last layer of metal film. For normal incidence, g 0 = 1, ␣ 0 = k, so the existence of perfect transmission implies ͉a 2n u ! b 2n ͉ = 1 / f when the frequency is within the propagating bands. That is, there is strong field enhancement associated with the perfect transmission, and the degree of amplitude enhancement is exactly inversely proportional to the area ratio (filling fraction) f of the slits. This strong field consists of largely evanescent with a small amount of propagating waves. The feature of strong field enhancement is desired in nonlinear optics. In Fig. 5 we show the contour plot for the intensity of electric field for two metal films at the first band with the resonance frequency = 0.388, and at lowest band with the resonance frequency = 0.089, respectively. There is a node (i.e., intensity is zero) in the slits when the frequency is in the first flat band; while the slits are all lit up when the frequency is in the lowest band. As to the phase of the electric field, at the first band with the resonance frequency = 0.388, the electric fields on both sides of the same metal film are pointing in the opposite directions, and are pointing in the same direction on adjacent films, as indicated by the arrows in Fig. 5(a) ; while for the lowest band in Fig. 5(b) , the electric fields are pointing in the same direction on both sides of the same film, and are pointing in the opposite directions on adjacent films. This phase relation is closely connected with the number of nodes in the slits, and is common for one-dimensional systems.
When the slits on adjacent films are not aligned ͑l 0͒, the phase ͑l , k x ͒ of the transmission coefficient t p gains an additional amount from the relative shift l. This additional amount has contributions explicitly from the exponent G p l in Eq. (5) for each layer and implicitly from a 2n and b 2n . This change in ͑l , k x ͒ has interesting consequences. shown by the curves ͑C͒ and ͑E͒ in Fig. 6 . d x gets larger when s is decreased.
A pictorial way of saying this is that the incident light makes turns in between the metal films and is displaced by the ladder-type structure, layer by layer, when it comes out on the other side. This is in contrast to passing through a simple dielectric layer of the same thickness, where an incident beam is not laterally shifted at normal incidence, and is shifted negatively only when the beam is incident at an angle. The physics is governed by both the propagating modes as well as the evanescent modes. In between the metal films, although the fields at the openings of the slits consist of both modes, most contributions are from the evanescent modes. This has the effect of changing the quasi-resonant frequencies in the slits where the propagating modes dominate, and can be described phenomenologically by the "effective impedance match" method. Furthermore, the fields at the openings of the slits can couple to each other, as can be clearly seen from Figs. 4(c) and 4(d): the peaks below = 0.2 [the lowest band, the field profile is pictured at Fig.  5(b) ] are insensitive to the misalignment, while the first band around = 0.4 has qualitative changes [the field profile is pictured in Fig. 5(a) ]. The coupling is largely determined by the profiles of the fields at the openings.
At a frequency range in which the magnitude of the dielectric constant of the metal is not infinite but complex, the analytic results for the aligned case still can be obtained via the corresponding changes in Eqs. (2) and (3):
where now is
and = metal !1/2 is a small complex number. The above formula is accurate up to the order of 2 . For microwave frequency, this effect is completely negligible. For visible light, at resonance frequencies, since the fields largely localize around the slits, the attenuation of the em wave is also not so appreciable. At = 1.5 m for five layers metal films of gold, the maximum transmission can be as large as 90%, this allows many practical applications.
In conclusion, we have shown the existence of projected band structure of the multilayer structure of metal gratings, the possibility to locally enhance the em fields, as well as the lateral displacement of normally incident beams and the role played by evanescent modes. In this appendix, we give the details of the derivation for the transfer matrix T in Eq. (1), as well as for the case when loss in the metal is present. The symmetry properties of the transfer matrix is discussed in Appendix B.
Transfer matrix without loss
The magnetic fields on the 2j-th region in the slits (j-th film) and in the region 2j + 1 (between the films) [see Fig.  1(a) ] can be written in the following forms: In region 2j:
in the m-th slit, ͑A1͒ 
E x ͑x,z͒
= ͭ a 2j m e ik͓z!͑j!1͒͑s+h͔͒ ! b 2j m e !ik͓z!͑j!1͒͑s+h͒!h͔ , if in the m-th slit,
0, otherwise. ͑A2͒
In region 2j + 1:
k is the momentum of incident light in the medium, The electric fields in each region are obtained from Maxwell's equation:
In our case, H = ͑0 , H y , 0͒ so !ikE = ‫ץ!͑‬ z H y , 0 , ‫ץ‬ x H y ͒, and we get
where the time dependence e iwt is assumed. Next is to match the boundary condition. The following condition is sufficient to determine the fields completely: The continuity of E x for all x, and the continuity of H y over the slits only.
(1) At z = ͑j ! 1͒͑s + h͒ + h (the left boundary of the 2j-th region, i.e., the j-th film):
(a) From the continuity of H y over the m-th slit (md
ͪͪ.
͑A6͒
Integrate both sides of Eq. ͑A5͒ over the m-th slit, and use 
Multiply both sides of Eq. ͑A6͒ by e !iG pЈ x amd integrate over a period:
͑·͒dx, where ͑·͒ denotes either side of Eq. ͑A6͒;
͑A8͒
f ϵ a / d is the area filling factor of the slits.
(2) At z = j͑s + h͒ (the right boundary of the 2j-th region, i.e., the j-th film):
(a) From H y :
͑A10͒
Integrate over the corresponding slit ͑md + jl ! a / 2͒ ഛ x ഛ ͑md + jl + a / 2͒ and period ͑md + jl ! d / 2͒ ഛ x ഛ ͑md + jl + d / 2͒, respectively; as previousy, we get
͑A12͒
Therefore, from the Maxwell's equations and the boundary conditions, we obtain the following set of equations: which is also as the same form of the transfer matrix of a system obeying energy conservation but not time reversal symmetry. Note that this property is not changed for a different choice of the relative phase between a 2j and b 2j . It is clear that the nonzero slit displacement l breaks the parity symmetry with respect to the z-axis. The time-reversal invariance is restored when the transformation is accompanied by l → !l at the same time.
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